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STABILITY OF TEST IDEALS OF DIVISORS WITH SMALL
MULTIPLICITY
KENTA SATO
Abstract. Let (X,∆) be a log pair in characteristic p > 0 and P be a (not
necessarily closed) point of X . We show that there exists a constant δ > 0 such
that the test ideal τ(X,∆), a characteristic p analogue of a multiplier ideal, does
not change at P under the perturbation of ∆ by any R-divisor with multiplicity
less than δ. As an application, we prove that if D is an R-Cartier R-divisor on a
strongly F -regular projective variety, then the non-nef locus of D coincides with
the restricted base locus of D. This is a generalization of a result of Mustat¸aˇ to
the singular case and can be viewed as a characteristic p analogue of a result of
Cacciola–Di Biagio.
1. Introduction
A scheme X of positive characteristic is called F -finite if the Frobenius morphism
F : X → X is a finite morphism. Let X be an F -finite Noetherian normal scheme
and ∆ be an effective R-Weil divisor onX . The test ideal τ(X,∆), which is defined in
terms of the Frobenius morphism as in [Tak04], satisfies several important properties
similar to those of a multiplier ideal. One such property is the stability of test ideals
under small perturbations: for an effective R-Cartier R-divisor D on X and a (not
necessarily closed) point P ∈ Supp(D), there exists a constant c = c(X,∆, P ;D) > 0
such that
τ(X,∆+ ǫD)P = τ(X,∆)P (if 0 ≤ ǫ < c)
τ(X,∆+ ǫD)P ( τ(X,∆)P (if c ≤ ǫ).
Such a constant c is called the smallest F -jumping number of D with respect to
(X,∆, P ) and encodes much information on the singularities of D.
As another invariant which measures the singularities of D, we consider the mul-
tiplicity multP (D) of D at P (see Definition 3.15). In characteristic 0, it is known
that the multiplier ideal J (V,B) is uniformly stable under the perturbation of B by
any R-divisor with small multiplicity. For example, if x ∈ V is a point of a smooth
complex variety V and B is an effective R-divisor with multx(B) < 1, then the
multiplier ideal J (V,B) is trivial at x ([Laz04, Proposition 9.5.13]). A more general
statement was proved by Li ([Li15, Second Proof of Proposition 2.3]). Motivated by
those results, we prove an analogous statement in positive characteristic using test
ideals instead of multiplier ideals.
Main Theorem (Corollary 3.16). Let X be an F -finite Noetherian normal scheme,
∆ be an R-Weil divisor on X, and P be a point of X. Then there exists δ > 0 such
that τ(X,∆+E)P = τ(X,∆)P for every effective R-Cartier R-divisor E on X with
multP (E) < δ.
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The proof is based on a description of test ideals in terms of the trace map for
the Frobenius morphism and a perturbation trick (see Section 3 for details).
We use the main theorem to give a partial answer to a conjecture on the non-
nef locus of an R-Cartier R-divisor on a projective variety. Let X be a normal
projective variety over an arbitrary field and D be an R-Cartier R-divisor on X .
The non-nef locus NNef(D) is defined in terms of the numerical vanishing orders
of D along divisorial valuations (cf. Definition 2.31 and 2.34 below). As the name
suggests, NNef(D) = ∅ if and only if D is nef. On the other hand, the restricted base
locus B−(D) is defined as a lower approximation of the stable base locus B(D) :=⋂
E∼QD,E≥0
Supp(E) obtained by perturbations of D by small ample divisors. It has
the same property as the non-nef locus, that is, B−(D) = ∅ if and only if D is
nef. Although the definitions of B−(D) and NNef(D) seem to be far different, the
following was conjectured.
Conjecture 1.1 ([BBP13, Conjecture 2.7]). Let X be a normal projective variety
over an algebraically closed field and D be an R-Cartier R-divisor on X. Then we
have
NNef(D) = B−(D).
In characteristic zero, Conjecture 1.1 was proved by Nakayama [Nak04, V, Lemma
1.9 (1)] if X is smooth and recently by Cacciola–Di Biagio [CdB13, Corollary 4.9]
if X has only klt singularities. In positive characteristic, Mustat¸aˇ [Mus13] proved
the smooth case, but his proof heavily depends on the subadditivity property of
test ideals, which can fail on singular varieties. In this paper, assuming that X has
strongly F -regular singularities instead of klt singularities, we prove a characteristic
p analogue of the result of Cacciola–Di Biagio.
Theorem 1.2 (Corollary 4.8). Let X be a normal projective variety over an F -
finite field. If the non-strongly F -regular locus of X has dimension at most zero,
then Conjecture 1.1 holds. That is,
B−(D) = NNef(D)
for every R-Cartier R-divisor D on X.
Theorem 1.2 is obtained from the main theorem as follows. For simplicity, we
assume that X is Q-Gorenstein strongly F -regular and D is a big Q-Cartier Q-
divisor. Suppose that a point x ∈ X is not contained in the non-nef locus NNef(D).
It then follows from the main theorem that the asymptotic test ideal τ(X,m · ||D||)
is trivial at x for all m > 0. On the other hand, there exists an ample divisor A
on X such that τ(X,m · ||D||)⊗ OX(mD + A) is globally generated for all m > 0
(see Proposition 4.1 for the precise statement). Therefore, OX(mD+A) is globally
generated at x, which implies x 6∈ B−(D).
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2. Preliminaries
In this section, we recall definitions and basic facts which we will need later.
2.1. Trace maps. In this subsection, we recall the trace maps for alterations. The
reader is referred to [BST15] for details.
Let X, Y be finite dimensional Noetherian normal connected schemes and f :
Y → X be an alteration, that is, a generically finite proper dominant morphism.
Assume that X has a canonical module ωX . In this situation, Y also has a canonical
module ωY .
Remark 2.1. Although canonical modules on Y are not unique, there is a canonical
choice of ωY determined by f and ωX ([BST15, p.7]).
Let ωY be as in Remark 2.1. There exists a trace map Trf : f∗ωY → ωX . Trace
maps are compatible with composition of alterations ([BST15, Lemma 2.3]) and
when f is birational or finite, Trf is characterized by the example below.
Example 2.2 ([BST15, p.4]). Let f : Y → X be an alteration of finite dimensional
Noetherian normal connected schemes, ωX be a canonical module on X , KX be a
canonical divisor on X such that ωX ≃ OX(KX), and ωY be as in Remark 2.1.
(1) Assume that f is birational. There is a unique canonical divisor KY on Y
which coincides with KX on the locus where f is isomorphism. Then there
is a commutative diagram:
f∗ωY
∼
−−−→ f∗OY (KY )⊆ f∗K(Y )
Trf
y ∥∥∥ .
ωX
∼
−−−→ OX(KX) ⊆ K(X)
(2) Assume that f is finite and surjective. Then ωY = f
−1H omX(f∗OY , ωX)
and Trf is the evaluation at 1 map. Furthermore, there exists an isomorphism
f∗OY
∼
−→ H omX(f∗ωY , ωX) which sends 1 to Trf .
(3) Assume that f is finite and generically separable. We can define Weil divisors
Ramf and f
∗(KX) on Y as in [ST14a, Definition 4.5]. Then KY = f
∗(KX)+
Ramf is a canonical divisor on Y such that OY (KY ) ≃ ωY and there exists
a commutative diagram
f∗ωY
∼
−−−→ f∗OY (KY )⊆ f∗K(Y )
Trf
y TrK(Y )/K(X)y ,
ωX
∼
−−−→ OX(KX) ⊆ K(X)
where TrK(Y )/K(X) is the trace map of the field extension.
A scheme X of positive characteristic is called F -finite if the Frobenius morphism
F : X → X is a finite morphism. A ring R is called F -finite if Spec R is F -finite. An
F -finite Noetherian affine scheme is excellent and finite dimensional ([Kun69]), and
has a canonical module ([Gab04, Remark13.6]). If X is F-finite and F !ωX ∼= ωX ,
then we can define TrF eX : F
e
∗ωX → ωX for every e ≥ 1. In this case, if we fix a
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canonical divisor KX on X , there exists a K(X)-homomorphism ρ : F
e
∗K(X) →
K(X) such that
F e∗ωX
∼
−−−→ F e∗OX(KX)⊆ F
e
∗K(X)
TrFe
y ρy .
ωX
∼
−−−→ OX(KX) ⊆ K(X)
We denote this ρ by TrF eX ,KX . When X = Spec R, we also denote this ρ by TrF eR,KR.
Remark 2.3.
(1) If X is of finite type over the spectrum of a local ring, then the condition
F !ωX ∼= ωX holds (see [BST15, Example 2.15]).
(2) Although TrF eX ,KX : F
e
∗K(X) → K(X) is not uniquely determined, it is
unique up to multiplication by H0(X,F e∗O
×
X). When we use this map, we
only need the information about the image of this map as in Proposition
2.13 below. Hence we ignore the multiplication by H0(X,F e∗O
×
X).
Proposition 2.4 ([ST14a, Corollary 5.5]). Suppose that X and Y are Noetherian
normal connected F -finite schemes with ωX ∼= F
!ωX and ωY ∼= F
!ωY . Let f : Y → X
be a finite dominant generically separable morphism, and KX , KY be canonical mod-
ules as in Example 2.2 (3). Then for every e > 0, we have the following commutative
diagram:
F e∗K(X)
⊆
−−−→ F e∗K(Y )
TrFe,KX
y yTrFe,KY .
K(X)
⊆
−−−→ K(Y )
2.2. Test ideals. In this subsection, we assume all rings and schemes are charac-
teristic p > 0 and F -finite. We define test ideals and recall some properties of test
ideals.
Definition 2.5. A pair (X,∆) consists of a Noetherian normal connected scheme
X and an R-Weil divisor ∆ on X . A triple (X,∆, at) consists of a pair (X,∆) and a
symbol at, where a is a coherent ideal sheaf and t ∈ R≥0. When additionally KX+∆
is a Q-Cartier Q-divisor, (X,∆) (resp. (X,∆, at)) is called a log Q-Gorenstein pair
(resp. triple).
Definition 2.6. Suppose that (X = Spec R,∆, at) is a triple with ∆ effective. An
ideal J ⊆ R is uniformly (∆, at, F )-compatible if φ(F e∗ (a
⌈t(pe−1)⌉J)) ⊆ J for every
e ≥ 1 and every φ ∈ HomR(F
e
∗R(⌈(p
e − 1)∆⌉), R).
Definition 2.7. Let (X = Spec R,∆, at) be a triple. Assume that ∆ is effective and
a 6= (0). We define the test ideal τ(R,∆, at) = τ(X,∆, at) to be the unique minimal
non-zero uniformly F -compatible ideal. This ideal always exists (see [Sch10]).
When a = R, we denote τ(R,∆, at) by τ(X,∆).
When a = (0), we define τ(X,∆, at) := (0).
We recall some properties of test ideals.
Proposition 2.8 (basic properties). Let (X,∆, at) be a triple. Assume that X =
Spec R is affine and ∆ is effective. Then the following properties hold.
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(1) [HT04, Proposition 3.1] For every multiplicative closed subset T ⊆ R, we
have τ(R,∆, at)T−1R = τ(T−1R,∆|T−1R, T
−1
a
t).
(2) [HT04, Proposition 3.2] If (R,m) is local and R̂ is the m-adic completion,
then τ(R,∆, at) · R̂ = τ(R̂, ∆̂, (a · R̂)t), where ∆̂ is the flat pullback of ∆ by
Spec R̂→ X.
(3) [Tak04, p.9 Basic property] For every Cartier divisor D on X, τ(X,∆ +
D, at) = τ(X,∆, at) · OX(−D).
(4) [Sch11b, Lemma 3.1] Assume that a = f · R for some f 6= 0. Then we have
τ(X,∆, at) = τ(X,∆+ tdiv(f)).
Let (X,∆, at) be a triple. By Proposition 2.8 (1) and (3), we can define a test
ideal τ(X,∆, at). This is a coherent fractional ideal.
Definition 2.9. Let (X,∆) be a pair with ∆ effective and P be a point of X .
(X,∆) is strongly F -regular at P if τ(X,∆)P = OX,P . (X,∆) is called strongly
F -regular if (X,∆) is strongly F -regular at every point P in X . When (X, 0) is
strongly F -regular, we say simply that X is strongly F -regular.
Proposition 2.10 ([Sch11a, Theorem 5.1] and [Sch11b, Lemma 2.5]). Let (X =
Spec R,∆, at) be a triple with ∆ effective. Then we have
τ(X,∆, at) =
∑
∆′
τ(X,∆′, at),
where ∆′ runs through all Q-Weil divisors on X such that ∆′ ≥ ∆ and (pe−1)(KX+
∆′) is an integral Cartier divisor for some e > 0.
Definition 2.11. Let (X,∆) be a pair with ∆ effective, ωX = OX(KX) be a canon-
ical module on X such that F !ωX = ωX , and e be a positive integer.
(1) If (pe − 1)(KX + ∆) is an integral Cartier divisor, we denote the invertible
sheaf OX((1− p
e)(KX +∆)) by Le,∆ and we define
φ˜e,∆ : F
e
∗Le,∆
⊆
−→ F e∗OX((1− p
e)KX)
TrFe
X
,KX
−→ OX .
(2) If (pe − 1)(KX +∆) is a principal divisor, we define
φe,∆ : F
e
∗OX
≃
−→ F e∗Le,∆
φ˜e,∆
−→ OX .
Proposition 2.12 ([BSTZ10, Lemma 3.21]). Let (X,∆, at) be a triple and q = pe
for some positive integer e. Assume that X, ∆ and e are as in Definition 2.11
(1). Then the sequence {φ˜en,∆(F
en
∗ (a
⌈qnt⌉τ(X,∆)Len,∆))}n is an ascending chain of
coherent ideals which converges to τ(X,∆, at).
Proposition 2.13 ([BSTZ10, Lemma 5.4]). Let (X = Spec R,∆) be a pair and
q = pe for some positive integer e > 0. Assume that X, ∆ and e are as in Definition
2.11 (2). Then, for every non-zero element f ∈ R, we have
φe,∆(f · τ(X,∆)) = τ(X,∆+
div(f)
q
).
Proposition 2.14 ([BSTZ10, Lemma 3.23]). Suppose that (X,∆, at) is a triple.
Then the following properties hold.
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(1) [ST14b, Lemma 6.1] We have τ(X,∆, at+ǫ) ⊆ τ(X,∆, at) for all 0 ≤ ǫ, and
τ(X,∆, at+ǫ) = τ(X,∆, at) for all 0 ≤ ǫ≪ 1.
(2) Let D be an effective Cartier divisor on X. Then τ(X,∆ + ǫD, at) ⊆
τ(X,∆, at) for all 0 ≤ ǫ, and τ(X,∆ + ǫD, at) = τ(X,∆, at) for all
0 ≤ ∀ǫ≪ 1.
Proof. For (2), we may assume thatX = Spec R andD = div(f) for some f ∈ R. By
[Sch11b, Lemma 3.1], we have τ(X,∆+ǫD, at) = τ(X,∆, atbǫ), where b := f ·R ⊆ R.
We need to show τ(X,∆, at) = τ(X,∆, atbǫ) for all 0 < ǫ≪ 1. By Proposition 2.10,
we may assume that (pe − 1)(KX +∆) is an integral divisor for some e > 0. In this
case, the proof is similar to the proof of [BSTZ10, Lemma 3.23]. 
Next, we introduce the asymptotic version of test ideals.
Definition 2.15. Let X be a scheme. A sequence of coherent ideals a• = {an}n≥1
is called a graded sequence of ideals if an · am ⊆ am+n for every n,m ≥ 1. A graded
sequence of ideals a• is called non-zero if an 6= 0 for some n ≥ 1.
Proposition-Definition 2.16 ([Mus13, p.8], cf. [Laz04, Definition 11.1.15]). Let
(X,∆) be a pair, t be an element in R≥0, and a• be a graded sequence of ideals.
Then the set of coherent fractional ideals {τ(X,∆, a
t/n
n )}n≥1 has a unique maximal
element. We denote this coherent fractional ideal by τ(X,∆, at•) and call it the
asymptotic test ideal. Furthermore, τ(X,∆, at•) = τ(X,∆, a
t/n
n ) for all divisible n.
Proof. The proof is similar to the proof of [Laz04, Definition 11.1.15]. 
Remark 2.17.
(1) τ(X,∆, at•) 6= 0⇔ a• is non-zero.
(2) In general, the above definition differs from the one given in [Har05]. See
[TY08, Remark 1.4].
(3) When X is regular and ∆ = 0, this definition coincides with the one given
in [Mus13].
2.3. Multiplier ideals. Assume that f : Y → X is a birational proper morphism
of finite dimensional Noetherian normal connected schemes and KX , KY be as in
Example 2.2 (1). If ∆ is a Q-Weil divisor on X such that KX + ∆ is a Q-Cartier
Q-divisor, we can define ∆Y = −KY + f
∗(KX +∆).
Let E ⊆ Y be a prime divisor on Y . A discrete valuation v = ordE : K(X) →
Z∪ {∞} is called the divisorial valuation over X , and cX(E) = cX(v) := f(E) ⊆ X
is called the center of E or v.
Definition 2.18 ([BST15, Definition 2.18]). Let (X,∆, at) be a log Q-Gorenstein
triple. We define the multiplier ideal by
J (X,∆, at) :=
⋂
f :Y→X
f∗OY (−⌊∆Y + tF ⌋),
where f : Y → X runs through all proper birational morphisms such that a · OY =
OY (−F ) for some effective divisor F on Y .
When a = OX , we denote J (X,∆, a
t) by J (X,∆). When a = 0, we define
J (X,∆, at) = (0).
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Definition 2.19. Let X , ∆ and t be as in Definition 2.18 and a• be a graded
sequence of ideals. Then we define the asymptotic multiplier ideal J (X,∆, at•) by
J (X,∆, at•) :=
∑
n≥1
J (X,∆, at/nn )
Remark 2.20. If X is the spectrum of a local ring or X is a variety over a field of
characteristic 0, then J (X,∆, a
t/n
n ) is coherent for every n. In this case, the set of
coherent fractional ideal sheaves {J (X,∆, a
t/n
n )}n≥1 has a unique maximal element,
which corresponds to J (X,∆, at•).
2.4. Divisorial valuations and orders. In this subsection, we recall the defini-
tions and some properties of divisorial valuations and orders.
Definition 2.21. Let (R,m) be a Noetherian local ring, f be an element in R, a
be an ideal, and a• be a graded sequence of ideals.
(1) We define ordR(f) := sup{r ≥ 0 | f ∈ m
r} ∈ N ∪ {∞}.
(2) We define ordR(a) := sup{r ≥ 0 | a ⊆ m
r} = inf {ordR(f) | f ∈ a} ∈ N ∪
{∞}.
(3) We define ordR(a•) := infn ordR(an)/n ∈ R≥0 ∪ {∞}.
Definition 2.22. Let (R,m) be a Noetherian local domain with K = Frac(R) and
k = R/m. A discrete valuation v : K → Z ∪ {∞} is called an m-valuation if v is
non-negative on R, positive on m, and tr.degkk(v) = dimR − 1 where k(v) is the
residue field of the discrete valuation ring associated to v.
Remark 2.23. Let X be as in Definition 2.18, v be a discrete valuation of K(X),
and P be a point of X . Then the following are equivalent:
(1) v is a divisorial valuation such that cX(v) = {P}.
(2) v is an mP -valuation of (OX,P ,mP ).
(See [KM98, Lemma 2.45]).
Definition 2.24. Let (R,m) be a Noetherian local ring, v be an m-valuation, a be
an ideal, and a• be a graded sequence of ideals.
(1) We define v(a) := inf {v(f) | f ∈ a} ∈ N ∪ {∞}.
(2) We define v(a•) := infn v(an)/n ∈ R≥0 ∪ {∞}.
Let X be a normal Noetherian scheme, P be a point of X and v be a divisorial
valuation such that cX(v) = {P}. For every effective Cartier divisor D on X , we
define ordP (D) := ordR(fD) and v(D) := v(fD), where R = OX,P and fD ∈ R is
the equation of D at P . For a coherent ideal a, we define ordP (a) := ordR(aP ) and
v(a) = v(aP ). In the same way, we can define ordP (a•) and v(a•).
Proposition 2.25 (Izumi’s theorem cf.[Ree89]). Let (R,m) be a Noetherian local
ring such that R̂ is an integral domain. (This condition holds when R is normal and
excellent.) Then the following properties hold.
(1) For every m-valuations v and w, there exists C > 0 such that v(f) ≤ C ·w(f)
for all f ∈ R.
(2) For every m-valuation v, there exists C > 0 such that ordR(f) ≤ v(f) ≤
C · ordR(f) for all f ∈ R.
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Finally, as an application of Izumi’s theorem, we obtain the lemma below, which
is used in the proof of the main theorem. Let A ⊆ R be a finite extension of normal
Noetherian excellent local domains and K = Frac(A), L = Frac(R). We consider
N = NL/K : L
× → K×.
Lemma 2.26. With the above notation, there exists a constant M > 0 such that
ordA(N(r)) < M · ordR(r) for all r 6= 0 ∈ R.
Proof. Let w be an mA-valuation and Ow be the valuation ring associated to w. The
integral closure B = Ow
L
is a semilocal ring. Let Ov1 , . . . ,Ovn be the localizations
of B by maximal ideals and vi be the valuation associated to Ovi for every i. Then
vi is an mR-valuation for every i. By [Ful98, Lemma A.3], we have
w(N(r)) =
∑
i
vi(r) · [k(w) : k(vi)]
for every r ∈ R. By Proposition 2.25 (2), there exists a constant Ci > 0 such that
vi(r) ≤ Ci · ordR(r) for every i and every r ∈ R. When we put M :=
∑
i Ci · [k(w) :
k(vi)], we have ordA(N(r)) ≤ w(N(r)) ≤ M · ordR(r) for every non-zero element
r ∈ R. 
2.5. Invariants on projective varieties. In this subsection, we assume that X is
a normal projective variety over an F -finite field.
Definition 2.27. For an R-Cartier R-divisor D on X , we define
|D|Q := {E ≥ 0 | E ∼Q D} and
|D|≡ := {E ≥ 0 | E ≡num D} .
Definition 2.28. For a Q-Cartier Q-divisor D on X , we define the stable base locus
of D as
B(D) :=
⋂
E∈|D|Q
Supp(E).
For an R-Cartier R-divisor D on X , we define the restricted base locus of D as
B−(D) :=
⋃
A
B(D + A),
where A runs through all ample R-Cartier R-divisors on X such that A + D is
a Q-Cartier Q-divisor. We remark that when D is not pseudo-effective, we put
B−(D) = X .
Definition 2.29. Let D be a Q-Cartier Q-divisor on X and v be a divisorial valu-
ation. We define the asymptotic order of vanishing of D along v as
v(||D||) := inf
E∈|D|Q
v(E) ∈ R≥0 ∪ {∞}.
Remark 2.30. For a Q-Cartier Q-divisor D on X , we can define a graded sequence
of ideals a•(D) as
an(D) =
{
b(|nD|) (if nD is integral)
0 (otherwise)
.
Then we have v(||D||) = v(a•(D)).
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Definition 2.31 ([CdB13, Definition 2.10]). Let v be a divisorial valuation. For
every big R-Cartier R-divisor D on X , we define the numerical vanishing order of
D along v as
vnum(D) := inf
E∈|D|num
v(E) ∈ R≥0.
For every pseudo-effective and non-big R-Cartier R-divisor D on X , we define
vnum(D) := sup
A
vnum(D + A),
where A runs through all ample R-Cartier R-divisors on X .
Proposition 2.32 ([ELMNP06, Theorem A and Proposition 2.4]). Let v be a divi-
sorial valuation.
(1) If D is a big Q-Cartier Q-divisor, we have v(||D||) = vnum(D).
(2) Let Big(X)R ⊆ N
1(X)R be the cone of numerical equivalence classes of big
R-divisors on X. Then the map vnum : Big(X)R → R is continuous.
(3) If D and E are big Q-Cartier Q-divisors, then vnum(D + E) ≤ vnum(D) +
vnum(E)
The following follows from Proposition 2.32
Corollary 2.33. Let v be a divisorial valuation, D be a pseudo-effective R-Cartier
R-divisor, and (Am)m∈N be a sequence of ample R-Cartier R-divisor divisors on X
such that limm→∞Am = 0 ∈ N
1(X). Then vnum(D) = limm→∞ vnum(D + Am)
Definition 2.34. For every Q-Cartier Q-divisor D on X such that |D|Q 6= ∅, we
define
Γ(D) :=
⋃
v
cX(v),
where v runs through all divisorial valuations such that v(||D||) > 0. When |D|Q =
∅, we define Γ(D) = X .
For every pseudo-effective R-Cartier R-divisor D on X , we define the non-nef
locus of D as
NNef(D) :=
⋃
v
cX(v)
where v runs through all divisorial valuations such that vnum(D) > 0. When D is
not pseudo-effective, we define NNef(D) = X .
Remark 2.35. For every R-Cartier R-divisor D on X , D is nef if and only if NNef(D)
= ∅ ([Nak04, III, Lemma 2.7]). In characteristic 0, D is nef and abundant if and
only if Γ(D) = ∅ ([CdB13, Lemma 2.17]) and hence Γ(D) is denoted by NNA(D)
and called the non nef-abundant locus. However, because we do not know whether
this is true in positive characteristic, we avoid using the notation NNA(D).
Definition 2.36. Let ∆ be an R-Weil divisor on X , D be a Q-Cartier Q-divisor on
X , and t be a positive number. We define
τ(X,∆, t||D||) := τ(X,∆, a•(D)
t),
where a•(D) is defined in Remark 2.30.
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3. A proof of the main theorem
In this section, we give a description of the trace map for the Frobenius morphism
on a complete local ring (Proposition 3.8). By using this description, we prove the
main theorem (Corollary 3.16).
3.1. The trace map on the ring of formal power series. Let k be an F -finite
field of characteristic p > 0, let d be a positive integer, let A be the ring of formal
power series k[[x1, . . . , xd]], and let K be the field of fractions of A. Since A is a
regular local ring, we may assume that the canonical divisor KA on A is trivial. We
want to consider TrF eA,KA : F
e
∗K → K.
For λ = (λ1, . . . , λd) ∈ N
d, we write xλ := xλ11 x
λ2
2 · · ·x
λd
d ∈ A and deg λ :=
∑d
i=1 λi.
Definition 3.1. We define the degree-lexicographic order ≤ in Nd as λ ≤ µ if and
only if deg λ < deg µ, or deg λ = deg µ and λ ≤ µ in the lexicographic order. By
this order, Nd becomes a totally ordered set.
Definition 3.2. For every positive integer e, we denote
Ie :=
{
λ = (λ1, . . . , λd) ∈ N
d | 0 ≤ λi < p
e for all i
}
.
This Ie is also a totally ordered set by the degree-lexicographic order.
We denote µe := (p
e − 1, . . . , pe − 1) ∈ Ie.
Definition 3.3. With the above notation, we write Ap
e
· k for the compositum of
rings Ap
e
and k, that is,
Ap
e
· k = {
∑
i
ap
e
i · ui | ai ∈ A, ui ∈ k} ⊆ A.
Similarly, we write Kp
e
· k ⊆ K for the compositum of fields Kp
e
and k.
Lemma 3.4. With the above notation, the following properties hold.
(1) We have A =
⊕
λ∈Ie
(Ap
e
· k)xλ and K =
⊕
λ∈Ie
(Kp
e
· k)xλ.
(2) Let ~t = {t1, t2, . . . , tl} be a basis of k over k
pe. Then,
Ap
e
· k =
⊕
1≤i≤l
Ap
e
· ti and K
pe · k =
⊕
1≤i≤l
Kp
e
· ti.
(3) Let ~t be as above. Then,
A =
⊕
λ∈Ie,1≤i≤l
Ap
e
· (tix
λ) and K =
⊕
λ∈Ie,1≤i≤l
Kp
e
· (tix
λ).
In other words,
F e∗A =
⊕
λ∈Ie,1≤i≤l
A · F e∗ (tix
λ) and F e∗K =
⊕
λ∈Ie,1≤i≤l
K · F e∗ (tix
λ),
where for any f ∈ A, we denote by F e∗ (f) the element of F
e
∗A which corre-
sponds to f by the canonical group isomorphism A
∼
−→ F e∗A.
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(4) Let ~t be as above. For every 1 ≤ j ≤ l, the projection
p~t,(µe,j) : F
e
∗A =
⊕
λ∈Ie,1≤i≤l
A · F e∗ (tix
λ)→ A · F e∗ (tjx
µe) = A
satisfies HomA(F
e
∗A,A) = F
e
∗A · p~t,(µe,j).
(5) Let ~t be as above. For every 1 ≤ j ≤ l, we have TrF eA,KA = p~t,(µe,j) : F
e
∗K →
K.
Proof. (1), (2), (3), and (4) are easy. (5) follows from (4) and Example 2.2 (2). 
Definition 3.5. For every ideal J ⊆ A, we define
J [p
e] · k = {
∑
i
ap
e
i · ui | ai ∈ J, ui ∈ k} ⊆ A
pe · k.
Lemma 3.6. With the above notation, the following properties hold.
(1) J [p
e] · k ⊆ Ap
e
· k is an ideal.
(2) Let ~t = {t1, t2, . . . , tl} be a basis of k over k
pe and α =
∑
1≤i≤l a
pe
i ti ∈ A
pe · k.
Then α ∈ J [p
e] · k if and only if ai ∈ J for all i.
(3) If J is the maximal ideal mA of A, the assertion in (2) is equivalent to
α ∈ mA.
Proof. (1) is trivial. For (2), we assume that α ∈ J [p
e] ·k. We can write α =
∑
j r
pe
j uj
for some rj ∈ J and uj ∈ k. Furthermore, we can write uj =
∑
1≤i≤l u
pe
i,jti for some
ui,j ∈ k. Then we have ai =
∑
j ui,jrj. Hence ai ∈ J . For (3), we assume that
α ∈ mA. Then we have 0 =
∑
i ai
peti ∈ A/mA = k. Hence, ai = 0 for all i. 
3.2. Trace maps on complete local rings. Let (R,m) be an F-finite Noetherian
complete normal local ring of characteristic p > 0 with dimR = d > 0 and k = R/m
be the residue field.
Proposition 3.7 ([KS15], Cohen-Gabber Theorem). Let A = k[[x1, x2, . . . , xd]] be
the ring of formal power series. Then there exists a coefficient field k ⊆ R and a
system of parameters y1, . . . , yd ∈ R with the following property: if A ⊆ R is the
module finite inclusion defined by the inclusion k ⊆ R and the system of parameter
y1, . . . , yd, then the field extension Frac(A) ⊆ Frac(R) defined by A ⊆ R is separable.
Fix inclusions k ⊆ R and A ⊆ R as in Proposition 3.7. Then we can define
Rp
e
· k and Lp
e
· k as in Definition 3.3, where L := Frac(R). Similarly, we can define
J [p
e] · k ⊆ Rp
e
· k for every ideal J ⊆ R. We can take KA = 0 and KR = Ramπ,
where π : Spec R→ Spec A is the finite morphism induced by A ⊆ R.
Proposition 3.8. With the above notation, the following properties hold.
(1) Let ~t = {t1, t2, . . . , tl} be a basis of k over k
pe. Then we have
L =
⊕
λ∈Ie
(Lp
e
· k)xλ =
⊕
λ∈Ie,i
Lp
e
· (tix
λ).
(2) For every 1 ≤ j ≤ l, we have TrF eR,KR = p~t,(µe,j);F
e
∗L→ L.
Proof. Since F e∗L = L ⊗K F
e
∗K (cf. [ST14a, Lemma 3.3]), we have (1). By Propo-
sition 2.4, we have (2). 
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Lemma 3.9. Let J be an ideal of R. Then the following properties hold.
(1) J [p
e] · k ⊆ Rp
e
· k is an ideal.
(2) Let ~t = {t1, t2, . . . , tl} be a basis of k over k
pe and α =
∑
1≤i≤l a
pe
i ti ∈ L
pe · k.
Then α ∈ J [p
e] · k if and only if ai ∈ J for all i.
Proof. The proof is similar to the proof of Lemma 3.6. 
3.3. A proof of the main theorem.
Theorem 3.10. Let (R,m) be an F-finite Noetherian normal local domain of char-
acteristic p > 0 and d = dimR > 0. Assume that ∆ is an effective Q-Weil divisor
on R such that KR + ∆ is Q-Cartier Q-divisor. Then there exist positive integers
M and q = pe such that for all n ≥ 1 and for all r 6= 0 ∈ R with ordR(r) < q
n−1/M ,
we have
τ(R,∆) = τ(R,∆+
div(r)
qn
).
By Proposition 2.8 (2), it is enough to show the theorem when R is a complete
local ring. Before proving the theorem, we fix some notations.
Set up 3.11. Let (R,m) be an F -finite complete Noetherian local normal domain
of characteristic p > 0, k := R/m be the residue field, d = dim(R) > 0, and ∆ be
an effective Q-Weil divisor such that KR + ∆ is a Q-Cartier Q-divisor. We define
A := k[[x1, x2, . . . , xd]] and fix inclusions k ⊆ R and A ⊆ R as in Proposition 3.7. We
denote the finite morphism induced by the inclusion A ⊆ R by π : Spec R→ Spec A.
We fix KA = 0 and KR = Ramπ.
In order to prove Theorem 3.10, we first perturb ∆ as follows.
Lemma 3.12. Suppose that we are in the setting of Set up 3.11. There exists a
positive integer q = pe, an element f in R, and effective Q-Weil divisors {∆n}n≥1
on R which satisfy the following properties.
(1) ∆ ≤ · · · ≤ ∆2 ≤ ∆1.
(2) KR +∆n = div(f
qn−1)/(qn − 1) for all n ≥ 1.
(3) τ(R,∆) = τ(R,∆n) for all n ≥ 1.
Proof. Since KR = Ramπ is effective (see [ST14a, Definition 4.5]), for every positive
number ǫ, the divisor ∆ǫ := ∆ + ǫ(KR +∆) satisfies ∆ǫ ≥ ∆. By Proposition 2.14,
there exists 0 ≤ ǫ≪ 1, q′ = pe
′
, and f ′ ∈ R such that
τ(R,∆ǫ) = τ(R,∆) and KR +∆ǫ =
div(f ′)
q′
.
For every positive integer n, we define
∆′n :=
div((f ′)(q
′)n−1)
(q′)n − 1
−KR.
Since limn→∞∆
′
n = ∆ǫ, there is m > 0 such that τ(R,∆
′
m) = τ(R,∆ǫ). We define
f := (f ′)(q
′)m−1 and q := (q′)m. Then
∆n :=
div(f q
n−1
)
qn − 1
−KR
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satisfies the statement of this lemma. 
Proposition 3.13. Suppose that we are in the setting of Set up 3.11 and take q = pe
as in Lemma 3.12. Assume that n ≥ 1 and a ∈ A satisfies ordA(a) < q
n−1. Then
τ(R,∆+
div(a)
qn
) = τ(R,∆).
Proof. We have the unique decomposition
a =
∑
µ∈Ien
aµ · x
µ with aµ ∈ A
qn · k.
We define
µ0 := min
{
µ ∈ Ien | aµ ∈ A
×
}
.
Since ordA(a) < q
n−1, µ0 exists and deg µ0 < q
n−1. Let u := aµ0 ∈ k = A/mA. By
replacing a by a · u−1, we can assume that aµ0 ≡ 1 (mod mA).
Fix α ∈ τ(R,∆n). Since τ(R,∆n) = τ(R,∆1) = φe,∆(F
e
∗ τ(X,∆1)) =
TrF eR,KR(F
e
∗ (f ·τ(R,∆n))), there exists g ∈ f ·τ(R,∆n) such that α = TrF eR,KR(F
e
∗ g).
Let us decompose
g =
∑
λ∈Ie
gλ · x
λ with gλ ∈ L
q · k,
and
gλ =
l∑
i=1
gqλ,i · ti with gλ,i ∈ L,
where ~t = (t1, . . . , tl) is a basis of k over k
q. For every λ ∈ Ie and 1 ≤ i ≤ l, we have
gλ,i = p~t,(µe,i)(gx
µe−λ) ∈ TrF eR,KR(F
e
∗ (fτ(R,∆n))) = τ(R,∆n),
and hence gλ ∈ τ(R,∆n)
[q] · k for every λ ∈ Ie. Furthermore, we have α = gµe,1.
Claim. For all elements λ in Ie and 1 ≤ i ≤ l, we have
gλ,i ∈ τ(R,∆n +
div(a)
qn
) +m · τ(R,∆n).
If this claim is true, then we have the inclusion
τ(R,∆n) ⊆ τ(R,∆n +
div(a)
qn
) +m · τ(R,∆n).
Hence, we have τ(R,∆n) = τ(R,∆n+div(a)/q
n) by Nakayama. Therefore, in order
to finish the proof, it is enough to check the assertion in the claim.
Let h := gq
n−1
· a ∈ R and decompose h =
∑
ξ hξx
ξ with hξ ∈ L
qn · k. Then we
have
h =
∑
λ∈Ie,µ∈Ien
gq
n−1
λ aµx
qn−1λ+µ =
∑
λ∈Ie,µ∈Ien
(gq
n−1
λ aµx
qn−1·α(qnλ+µ)) · xβ(q
n−1λ+µ),
where for every η ∈ Nd, we define α(η) ∈ Nd and β(η) ∈ Ien as the unique pair such
that η = qnα(η) + β(η). Consequently, we have
hξ =
∑
λ,µ
gq
n−1
λ aµx
qnα(qn−1λ+µ),
14 KENTA SATO
where λ ∈ Ie and µ ∈ Ien run through all elements such that β(q
n−1λ+ µ) = ξ.
Fix λ0 ∈ Ie and define ξ0 := q
n−1λ0 + µ0 ∈ N
d. Since deg µ0 < q
n−1, we have
ξ0 ∈ Ien. We define an ideal J ⊆ R as the ideal generated by all gλ,i with λ < λ0
and 1 ≤ i ≤ l. For every λ ∈ Ie and µ ∈ Ien, we have
gq
n−1
λ aµx
qn·α ∈

J [q
n] · k (when λ < λ0)
(mR · τ(R,∆n))
[qn] · k (when µ < µ0 or α 6= 0)
gq
n−1
λ + (mR · τ(R,∆n))
[qn] · k (when µ = µ0 and α = 0 )
,
where α = α(qn−1λ+µ) ∈ Nd. Hence we have hξ0−g
qn−1
λ0
∈ (J+mR ·τ(R,∆n))
[qn] ·k.
Let s = (s1, . . . , sl′) be a basis of k over k
qn such that si = t
qn−1
i for all 1 ≤ i ≤ l.
We can decompose hξ =
∑
1≤i≤l′ h
qn
ξ,isi with hξ,i ∈ L. By Lemma 3.9, we have
hξ0,i − gλ0,i ∈ J +mR · τ(R,∆n) for every 1 ≤ i ≤ l.
On the other hand, we have
hξ0,i = ps,(µen,i)(h · x
µen−ξ0) ∈ TrF enR ,KR(af
qn−1 · τ(R,∆n))
= φen,∆n(a · τ(R,∆n))
= τ(R,∆n +
div(a)
qn
).
Hence we have
gλ0,i ∈ τ(R,∆n +
div(a)
qn
) + J +mR · τ(R,∆).
By induction on λ0, we complete the proof of the claim, and hence of the proposition.

We now give the proof of Theorem 3.10.
Proof of Theorem 3.10. Let (R,m), ∆, k, A, be as in Set up 3.11 and q = pe be
as in Lemma 3.12. Let M > 0 be as in Proposition 2.26 for the extension A ⊆ R.
Then, for all n ≥ 1 and r ∈ R with ordR(r) < q
n−1/M , we have ordA(N(r)) < q
n−1.
It follows from Proposition 3.13 that
τ(R,∆+
div(N(r))
qn
) = τ(R,∆).
Since N(r) ∈ r · R, we have the inclusion
τ(R,∆+
div(N(r))
qn
) ⊆ τ(R,∆+
div(r)
qn
).
This completes the proof. 
Corollary 3.14. Let X be an F -finite Noetherian normal scheme, ∆ be an R-Weil
divisor on X, and P be a point of X. Then there exists δ > 0 which satisfies the
following properties.
(1) Let D be an effective Cartier divisor on X and t be an element in R>0. If
t · ordP (D) < δ, then τ(X,∆)P = τ(X,∆+ tD)P .
(2) Let a ⊆ OX be a coherent ideal and t be an element in R>0. If t ·ordP (a) < δ,
then τ(X,∆)P = τ(X,∆, a
t)P .
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(3) Let a• be a graded sequence of ideals and t be an element in R>0. If t ·
ordP (a•) < δ, then τ(X,∆)P = τ(X,∆, a
t
•)P .
Proof. We may assume that X = Spec R for R = OX,P and ∆ is effective. By
Proposition 2.10, we may assume that KX +∆ is a Q-Cartier Q-divisor.
Let q and M be as in Theorem 3.10. Then δ = 1/(Mq2) satisfies the statement
(1). In (2), there exists f ∈ a such that t · ordR(f) < δ and hence τ(X,∆) =
τ(X,∆+ tdiv(f)). By Proposition 2.8 (4), we have τ(X,∆+ tdiv(f)) ⊆ τ(X,∆, at).
This shows (2). The statement of (3) follows from (2). 
For a Noetherian local ring (R,m), we denote the Hilbert-Samuel multiplicity of
R by e(R) (see [Mat89, p.108]). For a Noetherian scheme X and a (not necessarily
closed) point x ∈ X , we define the multiplicity of X at x by multx(X) := e(OX,x).
Moreover, for a closed subscheme Y ⊆ X , we define
multx(Y ) :=
{
e(OY,x) ( when x ∈ Y )
0 ( when x 6∈ Y )
.
Definition 3.15. Let X be a Noetherian integral scheme and x be a point of X .
Let D =
∑n
i=1 aiDi be an R-Weil divisor on X , where Di ⊆ X is a prime divisor for
every i. Then we define multx(D) :=
∑n
i=1 aimultx(Di).
By Corollary 3.14 (1), we obtain the main theorem.
Corollary 3.16 (Main Theorem). Let X be an F -finite Noetherian normal scheme,
∆ be an R-Weil divisor on X, and P be a point of X. Then there exists δ > 0 such
that for every effective R-Cartier R-divisor E on X with multP (E) < δ, we have
τ(X,∆+ E)P = τ(X,∆)P .
Proof. After adding to E a suitable effective R-Cartier R-divisor, we may assume
that E is a Q-Cartier Q-divisor. Take a positive integer r such that D := rE is
an integral Cartier divisor. By [Mat89, Theorem 14.7 and Theorem 14.9], we have
ordP (D) ≤ multP (D). Hence, we have multP (E) = multP (D)/r ≥ ordP (D)/r and
we can apply Corollary 3.14 (1). 
3.4. Applications to graded sequences of ideals.
Proposition 3.17. Let (X,∆) be an F -finite log Q-Gorenstein pair and P be a
point of X. For a graded sequence a•, the following are equivalent:
(1)
⋂
m≥1 J (X,∆, a
m
• )P = 0.
(2)
⋂
m≥1 τ(X,∆, a
m
• )P = 0.
(3) ∃m ≥ 1, τ(X,∆, am• )P 6= τ(R,∆)P .
(4) ordP (a•) > 0.
(5) For all v such that cX(v) = {P}, we have v(a•) > 0.
(6) There exists v such that cX(v) = {P} and v(a•) > 0.
Proof. We have the implication (1)⇒ (2) since we have the inclusion τ(X,∆, am• ) ⊆
J (X,∆, am• ) for all m (see [Tak04, Theorem 2.13], cf. [BST15, Proposition 4.1]).
The implication (2)⇒ (3) is trivial. The implication (3)⇒ (4) follows from Corollary
3.14 (3). Since ordP (r) ≤ v(r) for all r ∈ OX,P , we have the implication (4) ⇒ (5).
The implication (5) ⇒ (6) is trivial.
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For the implication (6) ⇒ (1), take a proper birational morphism φ : Y → X
and a prime divisor E ⊆ Y such that v(a•) > 0, where v := ordE . For every
0 6= f ∈ L = Frac(R), there exists m > 0 such that v(f) < ordE(∆Y )−1+m ·v(a•).
Then, for every n > 0, we have v(f) < ordE(∆Y ) − 1 + m · v(an)/n and hence
f 6∈ J (X,∆, a
m/n
n )P . This means f 6∈ J (X,∆, a
m
• )P . 
Let X be an F -finite Noetherian normal scheme and a• be a non-zero graded
sequence of ideals. We define
Γ(a•) :=
⋃
v
cX(v) ⊆ X,
where v runs through all divisorial valuations such that v(a•) > 0.
For a Q-Weil divisor ∆ on X , we define
Σ′∆(a•) :=
{
x ∈ X |
⋂
m
τ(X,∆, am• )x = 0
}
⊆ X and
Σ∆(a•) := {x ∈ X | ∃m > 0, τ(X,∆, a
m
• )x ( τ(X,∆)x} ⊆ X.
When ∆ = 0, we write simply Σ′(a•) and Σ(a•).
Corollary 3.18. With the above notation, we have
Σ′∆(a•) = Σ∆(a•) = Γ(a•).
In particular, we have Γ(a•) = Σ(a•).
Proof. Since the definition of every locus is local, we may assume that X is affine.
First, we assume that KX +∆ is a Q-Cartier Q-divisor. The inclusion Σ
′
∆(a•) ⊆
Σ∆(a•) is trivial and the inclusion Σ∆(a•) ⊆ Γ(a•) follows from Proposition 3.17. If
x ∈ Γ(a•), there exists a divisorial valuation v such that v(a•) > 0 and x ∈ cX(v).
Let y ∈ X be the generic point of cX(v). By Proposition 3.17, we have y ∈ Σ
′
∆(a•).
Since Σ′∆(a•) is stable under specialization, we have x ∈ Σ
′
∆(a•).
Suppose now that ∆ is an arbitrary Q-Weil divisor. Then the inclusion Σ′∆(a•) ⊆
Σ∆(a•) is trivial. For the inclusion Σ∆(a•) ⊆ Γ(a•), we take x 6∈ Γ(a•). Then, we
have x 6∈ Σ∆′(a•) for every Q-Weil divisor on X such that KX + ∆
′ is a Q-Cartier
Q-divisor. By Proposition 2.10, we have
τ(X,∆, am• )x =
∑
∆′
τ(X,∆′, am• )x =
∑
∆′
τ(X,∆′)x = τ(X,∆)x,
where ∆′ runs through all Q-Weil divisors on X such that ∆′ ≥ ∆ and (pe −
1)(KX + ∆
′) is an integral Cartier divisor for some e > 0. Hence we have the
inclusion Σ∆(a•) ⊆ Γ(a•).
In order to show the inclusion Γ(a•) ⊆ Σ
′
∆(a•), we take x 6∈ Σ
′
∆(a•). Let ∆
′ be a Q-
Weil divisor on X such that KX+∆
′ is a Q-Cartier Q-divisor and ∆′ ≤ ∆. Since we
have the inclusion τ(X,∆, a•)x ⊆ τ(X,∆
′, a•)x, we have x 6∈ Σ
′
∆′(a•) = Γ(a•). 
Corollary 3.19. ([CL14, Theorem 4.2])With the above notation, let v be a divisorial
valuation. Then v(a•) > 0 if and only if cX(v) ⊆ Γ(a•).
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Proof. We assume that cX(v) = {P} ⊆ Γ(a•). We fix a Q-Weil divisor ∆ on X such
that KX + ∆ is a Q-Cartier Q-divisor. Since P ∈ Γ(a•), we have P ∈ Σ∆(a•). By
Proposition 3.17, we have v(a•) > 0. 
4. Application to non-nef loci
In this section, we first show a uniform global generation result involving test
ideals (Proposition 4.1). Combining it with the main theorem (Corollary 3.16), we
prove Conjecture 1.1 for strongly F -regular varieties (Corollary 4.8).
From now on, we always assume that X is a normal projective variety over an
F -finite field k of characteristic p > 0.
4.1. Global generation. In this subsection, we recall a result on global generation
and its applications proved in [Mus13, Section 4 and 5]. In [Mus13], it is assumed
that X is smooth, k is algebraically closed, and ∆ = 0. However, we can relax the
assumptions.
Proposition 4.1 ([Mus13, Theorem 4.1]). Suppose that ∆ is an effective Q-Weil
divisor on X such that KX +∆ is a Q-Cartier Q-divisor. Let D and L be Cartier
divisors on X, H be an ample and free divisor on X, λ be an element in R≥0, and
d be a positive integer such that d > dimX. If L− (KX +∆+ λ ·D) is ample, then
the following properties hold.
(1) τ(X,∆, λ · |D|)⊗OX(L+ dH) is globally generated.
(2) τ(X,∆, λ · ||D||)⊗OX(L+ dH) is globally generated.
Proof. (2) follows from (1). We prove (1). The proof is essentially the same as the
proof in [Mus13].
By enlarging λ and ∆, we may assume that λ ∈ Q and (q − 1)(KX + ∆) is an
integral Cartier divisor for some q = pe > 1. By Proposition 2.12, we have
φ˜en,∆(F
en
∗ (b(|D|)
⌈λqn⌉τ(X,∆) ·Len,∆)) = τ(X,∆, λ|D|),
for all n≫ 0. SinceH0(X,D)⊗OX(−D)→ b(|D|) is surjective, we have a surjective
morphism
Wn ⊗OX(−⌈λq
n⌉D))→ b(|D|)⌈λq
n⌉,
where Wn = Sym
⌈λqn⌉(H0(X,D)). Hence, we have a surjective morphism
Wn ⊗ F
en
∗ (OX(−⌈λq
n⌉D + (1− qn)(KX +∆) + q
n(L+ dH))τ(X,∆))
→ τ(X,∆, λ|D|)⊗OX(L+ dH).
We write En := −⌈λq
n⌉D+(1−qn)(KX+∆)+q
nL. By [Mus13, p.11, Claim], there
exists a divisor T on X such that En − T is nef for all n ≥ 1. By Fujita’s vanishing
theorem, we have
H i(X,F en∗ (OX(En + q
ndH))τ(X,∆))⊗OX(−iH)) = 0,
for all i > 0 and for all n≫ 0. This shows
Wn ⊗ F
en
∗ (OX(En + q
ndH))τ(X,∆))
is globally generated for all n≫ 0 and this completes the proof. 
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By using Proposition 4.1, we can show the following three properties. The reader
is referred to [Mus13, Proposition 5.1, 5.2, 5.3] for proofs.
Corollary 4.2 ([Mus13, Proposition 5.1]). Let ∆ be a Q-Weil divisor on X, D and
E be big Q-Cartier Q-divisors on X and t be an element in R≥0. If D ≡num E, then
τ(X,∆, t · ||D||) = τ(X,∆, t · ||E||).
Corollary 4.3 ([Mus13, Proposition 5.2]). Let ∆ be a Q-Weil divisor on X such
that KX +∆ is a Q-Cartier Q-divisor and D be a Q-Cartier Q-divisor on X. Then
the set of F -jumping numbers
{t ∈ R≥0 | ∀s > t, τ(X,∆, s · ||D||) ( τ(X,∆, t · ||D||)}
is a discrete set.
Proposition-Definition 4.4 ([Mus13, Proposition 5.3]). Let ∆ be a Q-Weil divisor
on X such that KX + ∆ is a Q-Cartier Q-divisor, D be an R-Cartier R-divisor on
X and λ be an element in R≥0. Then there exists a unique minimal element among
all ideals of the form τ(X,∆, λ · ||D + A||), where A runs through all ample R-
divisors on X such that D + A is a Q-Cartier Q-divisor. We denote this ideal as
τ+(X,∆, λ · ||D||). Furthermore, there exists an open neighborhood U of the origin
in N1(X)R such that
τ+(X,∆, λ · ||D||) = τ(X,∆, λ · ||D + A||)
for every ample R-divisor A on X such that D+A is a Q-Cartier Q-divisor and the
class of A is in U .
4.2. Nakayama’s theorem about non-nef loci.
Theorem 4.5. Let X be a normal projective variety over an F -finite field, let ∆ be
an effective Q-Weil divisor on X such that KX +∆ is a Q-Cartier Q-divisor, let D
be a big Q-Cartier Q-divisor on X, and let P be a point of X. Assume that (X,∆)
is strongly F -regular at P . Then the following are equivalent:
(1) P ∈ B−(D).
(2) P ∈
⋃
m≥1 Z(τ(X,∆, m||D||)).
(3) There exists a divisorial valuation v such that {P} ⊆ cX(v) and v(||D||) > 0.
Proof. The proof is essentially the same as [ELMNP06, Proposition 2.8] (cf. [Mus13,
Theorem 6.2] and [CdB13, Section 4]). The implication (3) ⇒ (1) is obvious. Let
a• := a•(D) be as in Remark 2.30. If the assertion in (2) holds, then we have
P ∈ Σ∆(a•) since τ(X,∆)P = OX,P . By Corollary 3.18, we have P ∈ Γ(a•),
which shows the implication (2) ⇒ (3). For the implication (1) ⇒ (2), we assume
P /∈
⋃
m≥1 Z(τ(X,∆, m||D||)). By Proposition 4.1, there exists an ample divisor A
on X such that τ(X,∆, m · ||D||)⊗OX(mD+A) is globally generated for all m > 0.
Therefore, OX(mD + A) is globally generated at P for all m > 0, which implies
P /∈ B−(D).

Corollary 4.6. Let X be a normal projective variety over an F -finite field, D be a
big Q-Cartier Q-divisor on X and P be a point of X. Assume that X is strongly
F -regular at P . Then the following are equivalent:
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(1) P ∈ B−(D).
(2) P ∈
⋃
m≥1 Z(τ(X,m||D||)).
(3) There exists a divisorial valuation v such that {P} ⊆ cX(v) and v(||D||) > 0.
Proof. By Proposition 2.10, there exists an effective Q-Weil divisor ∆ on X such
that KX +∆ is a Q-Cartier Q-divisor and (X,∆) is strongly F -regular at P . Hence
(1) and (3) are equivalent. By Corollary 3.18, (2) and (3) are equivalent. 
Corollary 4.7 ([CdB13, Corollary 4.7]). Let X be a normal projective variety over
an F -finite field and D be an R-Cartier R-divisor on X. Then we have
NNef(D) \ Z(τ(X)) = B−(D) \ Z(τ(X))
Proof. When D is not pseudo-effective, NNef(D) = B−(D) = X . Assume that D
is pseudo-effective. Let {An}n∈N be a sequence of ample R-Cartier R-divisors on
X such that D + An is a Q-Cartier Q-divisor for every n and limn→∞An = 0 in
N1(X)R.
Then we have B−(D) =
⋃
nB−(D + An) ([Mus13, Proposition 2.2]) and
NNef(D) =
⋃
nNNef(D + An). Hence we can reduce to the case when D is a
big Q-Cartier Q-divisor and this is Corollary 4.6. 
Corollary 4.8 (Theorem 1.2). Let X be a normal projective variety over an F -finite
field. Assume that Z(τ(X)) has dimension at most 0. Then, for every R-Cartier
R-divisor D on X, we have
NNef(D) = B−(D).
Proof. The proof is similar to the proof of [CdB13, Corollary 4.9]. The inclusion
NNef(D) ⊆ B−(D) is obvious. Let {An}n∈N be a sequence of R-Cartier R-divisors
as in the proof of Corollary 4.7. Then we have B−(D) =
⋃
nB(D+An) by [Mus13,
Proposition 2.2]. Since every B(D + An) has no isolated points (see [ELMNP09,
Proposition 1.1]), we have the inclusion B−(D) ⊆ NNef(D) by Corollary 4.7. 
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